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Graphical calculus is an intuitive visual notation for manipulating tensors and index contractions.
Using graphical calculus leads to simple and memorable derivations, and with a bit of practice one
can learn to prove complex identities even without the need for pen and paper. This manuscript
is meant as a demonstration of the power and flexibility of graphical notation and we advocate
exploring the use of graphical calculus in undergraduate courses. In the first part we define the
following matrix products in graphical language: dot, tensor, Kronecker, Hadamard, Kathri-Rao and
Tracy-Singh. We then use our definitions to prove several known identities in an entirely graphical
way. Despite ordinary proofs consist in several lines of quite involved mathematical expressions,
graphical calculus is so expressive that after writing an identity in graphical form we can realise by
visual inspection that it is in fact true. As an example of the intuitiveness of graphical proofs, we
derive two new identities. In the second part we develop a graphical description of convolutions,
which is a central ingredient of convolutional neural networks and signal processing. Our single
definition includes as special cases the circular discrete convolution and the cross-correlation. We
illustrate how convolution can be seen as another type of product and we derive a generalised
convolution theorem. We conclude with a quick guide on implementing tensor contractions in
python.
I. INTRODUCTION
When we manipulate mathematical expressions (either
in writing or mentally), the behaviour of the typographi-
cal symbols can acquire its own physicality. For example,
we might feel that as soon as we wrap a product of various
terms in a logarithm, the “force” that is binding them to-
gether comes loose, as log(xyz) = log(x)+log(y)+log(z).
Even the simple operation of bringing the denominator
of one side of an equation to the numerator of the op-
posite side (x2 = y → x = 2y) is a physical interpre-
tation of the actual operation of multiplying both sides
by the same quantity.Such physical familiarity with sym-
bolic manipulation comes with time and practice, and
arguably the more a notion is described by symbols that
behave somewhat physically, the easier it is to have such
an experience. Graphical calculus is an extreme example
of such notation: in graphical calculus all the operations
consist in connecting “bendable” and “stretchable” wires,
and one can perform complicated tensor manipulations
entirely within this framework.
Graphical calculus offers a representation of concepts
that complements the standard mathematical notation:
it is by providing alternative representations of the same
concept that we help the recognition networks in the
brain of a learner, as recommended in the principles of
universal design for learning [1]. It is with this student-
centered spirit that we present this paper.
In the first part of this work we define six types of ma-
trix product (dot, tensor, Hadamard, Kronecker, Kathri-
Rao, Tracy-Singh) in graphical calculus notation. Our
aim is to make them available in a form that is easy to
remember, easy to work with and easy to explain to oth-
ers. To stress the power of graphical calculus, we show
two new (to the best of the author’s knowledge) identi-
ties. In the second part we describe a generalized discrete
convolution which includes the standard convolution and
the cross-correlation as special cases. These operations
are extremely common in signal processing and in the
field of machine learning, in particular in convolutional
neural networks [2] and signal processing.
Graphical calculus was introduced in the seventies by
Penrose [3] in the context of general relativity, it was then
slowly picked up and/or rediscovered by various authors
including Lafont [4], Coecke and Abramsky [5, 6], Grif-
fiths [7], Seilinger [8], Baez [9], Wood [10], Biamonte [11],
Jaffe [12] and others [13, 14]. Because of such diversity
of scopes and the scarcity of mainstream adoption, the
notation is not yet standardised. Some authors proceed
vertically, others horizontally. Some right to left, others
left to right. Obviously, there is no actual difference, but
different notations can make it easier or harder to tran-
sition between regular and graphical notations. In our
case, we opted for a horizontal notation (as it is more
similar to the way in which we write) and right to left
(as that is how we compose successive matrix multiplica-
tions).
A few words about our conventions. When we write
tensors with indices (usually roman literals), we use the
convention that repeated indices are implicitly summed
over, to avoid an excessive use of the summation sym-
bol. When we contract a pair of indices we assume that
their dimensions match. In graphical notation, a tensor
of rank R is drawn as a shape with R wires, where each
wire represents an index. When we connect two wires it
means we are summing over those indices, like so: Aij
and Bjk both have two indices (i.e. we can think of A
and B as matrices) which means that in graphical nota-
tion they both have two wires. If we join the two wires
corresponding to the j indices (assuming they have the
same dimension), we obtain the tensor AijBjk which has
two leftover indices because we sum over the repeated
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j AijBjk (see Fig. 8). Technically it doesn’t
matter how we orient the drawings of the tensors and
their wires, as long as we keep track of which index they
correspond to. However, in order to help transition to
regular notation, we orient row wires toward the left and
column wires toward the right.
II. TWO MEDIATING TENSORS
In order to compute the various products that we are
going do describe, we will need the help of the Kronecker
and the vectorization tensors, which are two “mediating”
tensors that enable such products. In the following sub-
sections we will see them separately and get a feeling for
what they do, both at the level of indexed notation and
at the level of graphical notation.
A. The Kronecker tensor
The D-dimensional, rank-N Kronecker tensor is a gen-
eralization of the familiar Kronecker delta δij . It is de-
fined as:
δi1i2...iN =
{
1 if i1 = i2 = · · · = iN
0 otherwise
(1)
where each index has values in 0 . . . D − 1. As special
cases, δij is equivalent to the identity matrix and it is also
equivalent to an (unnormalized) Bell state, well known in
quantum information [10]. Similarly, δijk is equivalent to
an (unnormalized) GHZ state [11]. In graphical notation
we indicate such tensors as a small black circle with N
wires. In case we have only two wires we can omit the
black circle (see Fig. 1). Here are a few properties of the
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FIG. 1. The Kronecker tensor is a rank-N Kronecker delta,
which is 1 only if all of the indices have the same value and 0
otherwise. Here the rank-2, rank-3 and rank-4 examples.
Kronecker tensor. Every D-dimensional Kronecker ten-
sor, independently of its rank (i.e. the number of wires)
contains D ones and the rest of its values are zeros. This
is true also for the rank-1 Kronecker tensor δi, which
therefore is the vector with all ones. Similarly, the ten-
sor product δi1δi2 . . . δiN is the constant tensor whose all
entries are ones (in this case we can have more than D
ones, because the tensor product of deltas is not a delta).
The contraction of any compatible (in terms of index di-
i1
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FIG. 2. We can use multiple copies of the rank-1 Kronecker
tensor to construct constant tensors whose entries have all
value 1. In this figure we have a constant vector with all ones
(on top) and a constant matrix with all ones (on the bottom).
mensions) Kronecker tensors yields other Kronecker ten-
sors, e.g. δi1i2i3i4δi2i3δi4 = δi1 . The Kronecker tensor
can mediate a dot product: AijBkl is a tensor with four
indices, but AijBklδjk is equivalent to the dot product
of the two matrices A and B. We can also generalise it
to act on more than two matrices (or tensors), such as
AijBklCmnδikm. The Kronecker tensor can extract the
diagonal of a matrix: diag(A)k = Aijδijk, create a diag-
onal matrix from a vector: diag(a)jk = aiδijk or erase all
of the off-diagonal elements of a matrix: Aijδijkl. The
Kronecker tensor can be used to compute the trace of a
matrix: Tr(A) = Aijδij , or the partial trace of a higher
order tensor: Tr1(A)kl = Aijklδij , which is especially
useful in quantum information.
diag(A)
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diag(a)
<latexit sha1_base64="A0KXKSDeQow2acqxfJ6a3m2Mvy8=">AAADAHicjVLLSgMxFD0dX7W+qq7EzWARdCNTEX QpunFZwT6gSslM0zY4LzIZQUoR/BfBlcWtf+If1L/wJk5BLT4SZubcc+85mZvEjX2RKMd5zVlT0zOzc/n5wsLi0vJKcXWtlkSp9HjVi/xINlyWcF+EvKqE8nkjlpwFrs/r7vWpztdvuExEFF6o25hfBawbio7wmCKqVdy4DJjqyaDfFqw72D GR2+mzwW6rWHL2HDPsSVDOQAnZqETFES7RRgQPKQJwhFCEfTAkNJsow0FM3BX6xElCwuQ5BiiQNqUqThWM2Gt6dylqZmxIsfZMjNqjVXx6JCltbJMmojpJWK9mm3xqnDX7k3ffeOp/u6Wvm3kFxCr0iP1LN678r073otDBkelBUE+xYXR3Xu aSml3Rf25/6kqRQ0ycxm3KS8KeUY732TaaxPSu95aZ/MhUalbHXlab4u3X7lyagT4TugLl7wc+CWr7e2XC5wel45PsMuSxiS3s0Ikf4hhnqKBKK9zhAU8YWvfWozW0nj9KrVymWceXYb28A5syoXM=</latexit><latexit sha1_base64="A0KXKSDeQow2acqxfJ6a3m2Mvy8=">AAADAHicjVLLSgMxFD0dX7W+qq7EzWARdCNTEX QpunFZwT6gSslM0zY4LzIZQUoR/BfBlcWtf+If1L/wJk5BLT4SZubcc+85mZvEjX2RKMd5zVlT0zOzc/n5wsLi0vJKcXWtlkSp9HjVi/xINlyWcF+EvKqE8nkjlpwFrs/r7vWpztdvuExEFF6o25hfBawbio7wmCKqVdy4DJjqyaDfFqw72D GR2+mzwW6rWHL2HDPsSVDOQAnZqETFES7RRgQPKQJwhFCEfTAkNJsow0FM3BX6xElCwuQ5BiiQNqUqThWM2Gt6dylqZmxIsfZMjNqjVXx6JCltbJMmojpJWK9mm3xqnDX7k3ffeOp/u6Wvm3kFxCr0iP1LN678r073otDBkelBUE+xYXR3Xu aSml3Rf25/6kqRQ0ycxm3KS8KeUY732TaaxPSu95aZ/MhUalbHXlab4u3X7lyagT4TugLl7wc+CWr7e2XC5wel45PsMuSxiS3s0Ikf4hhnqKBKK9zhAU8YWvfWozW0nj9KrVymWceXYb28A5syoXM=</latexit><latexit sha1_base64="A0KXKSDeQow2acqxfJ6a3m2Mvy8=">AAADAHicjVLLSgMxFD0dX7W+qq7EzWARdCNTEX QpunFZwT6gSslM0zY4LzIZQUoR/BfBlcWtf+If1L/wJk5BLT4SZubcc+85mZvEjX2RKMd5zVlT0zOzc/n5wsLi0vJKcXWtlkSp9HjVi/xINlyWcF+EvKqE8nkjlpwFrs/r7vWpztdvuExEFF6o25hfBawbio7wmCKqVdy4DJjqyaDfFqw72D GR2+mzwW6rWHL2HDPsSVDOQAnZqETFES7RRgQPKQJwhFCEfTAkNJsow0FM3BX6xElCwuQ5BiiQNqUqThWM2Gt6dylqZmxIsfZMjNqjVXx6JCltbJMmojpJWK9mm3xqnDX7k3ffeOp/u6Wvm3kFxCr0iP1LN678r073otDBkelBUE+xYXR3Xu aSml3Rf25/6kqRQ0ycxm3KS8KeUY732TaaxPSu95aZ/MhUalbHXlab4u3X7lyagT4TugLl7wc+CWr7e2XC5wel45PsMuSxiS3s0Ikf4hhnqKBKK9zhAU8YWvfWozW0nj9KrVymWceXYb28A5syoXM=</latexit><latexit sha1_base64="A0KXKSDeQow2acqxfJ6a3m2Mvy8=">AAADAHicjVLLSgMxFD0dX7W+qq7EzWARdCNTEX QpunFZwT6gSslM0zY4LzIZQUoR/BfBlcWtf+If1L/wJk5BLT4SZubcc+85mZvEjX2RKMd5zVlT0zOzc/n5wsLi0vJKcXWtlkSp9HjVi/xINlyWcF+EvKqE8nkjlpwFrs/r7vWpztdvuExEFF6o25hfBawbio7wmCKqVdy4DJjqyaDfFqw72D GR2+mzwW6rWHL2HDPsSVDOQAnZqETFES7RRgQPKQJwhFCEfTAkNJsow0FM3BX6xElCwuQ5BiiQNqUqThWM2Gt6dylqZmxIsfZMjNqjVXx6JCltbJMmojpJWK9mm3xqnDX7k3ffeOp/u6Wvm3kFxCr0iP1LN678r073otDBkelBUE+xYXR3Xu aSml3Rf25/6kqRQ0ycxm3KS8KeUY732TaaxPSu95aZ/MhUalbHXlab4u3X7lyagT4TugLl7wc+CWr7e2XC5wel45PsMuSxiS3s0Ikf4hhnqKBKK9zhAU8YWvfWozW0nj9KrVymWceXYb28A5syoXM=</latexit>
diag(diag(A))
<latexit sha1_base64="EVmMBesDeYrt6yN1qHxXXCbvqkQ=">AAADBnicjVLLSgMxFD0dX7W+qi5dOFgE3chUBF 1W3bisYB+gIplprMF5kckIpXQp+C+CK4tbf8M/qH/hTZyCtfhImJlzz73nZG4SN/ZFohznLWdNTE5Nz+RnC3PzC4tLxeWVehKl0uM1L/Ij2XRZwn0R8poSyufNWHIWuD5vuLfHOt+44zIRUXimOjG/DFg7FNfCY4qoq+L6RcDUjQy6LcHava 3R6HB7+6pYcnYcM+xxUM5ACdmoRsUBLtBCBA8pAnCEUIR9MCQ0z1GGg5i4S3SJk4SEyXP0UCBtSlWcKhixt/RuU3SesSHF2jMxao9W8emRpLSxSZqI6iRhvZpt8qlx1uxP3l3jqf+tQ1838wqIVbgh9i/dsPK/Ot2LwjUOTA+CeooNo7vzMp fU7Ir+c/tLV4ocYuI0blFeEvaMcrjPttEkpne9t8zkB6ZSszr2stoU779259IM9JnQFSh/P/BxUN/dKRM+3StVjrLLkMcaNrBFJ76PCk5QRY1WuMcjntG3Hqwnq2+9fJZauUyzipFhvX4Ab3KjjA==</latexit><latexit sha1_base64="EVmMBesDeYrt6yN1qHxXXCbvqkQ=">AAADBnicjVLLSgMxFD0dX7W+qi5dOFgE3chUBF 1W3bisYB+gIplprMF5kckIpXQp+C+CK4tbf8M/qH/hTZyCtfhImJlzz73nZG4SN/ZFohznLWdNTE5Nz+RnC3PzC4tLxeWVehKl0uM1L/Ij2XRZwn0R8poSyufNWHIWuD5vuLfHOt+44zIRUXimOjG/DFg7FNfCY4qoq+L6RcDUjQy6LcHava 3R6HB7+6pYcnYcM+xxUM5ACdmoRsUBLtBCBA8pAnCEUIR9MCQ0z1GGg5i4S3SJk4SEyXP0UCBtSlWcKhixt/RuU3SesSHF2jMxao9W8emRpLSxSZqI6iRhvZpt8qlx1uxP3l3jqf+tQ1838wqIVbgh9i/dsPK/Ot2LwjUOTA+CeooNo7vzMp fU7Ir+c/tLV4ocYuI0blFeEvaMcrjPttEkpne9t8zkB6ZSszr2stoU779259IM9JnQFSh/P/BxUN/dKRM+3StVjrLLkMcaNrBFJ76PCk5QRY1WuMcjntG3Hqwnq2+9fJZauUyzipFhvX4Ab3KjjA==</latexit><latexit sha1_base64="EVmMBesDeYrt6yN1qHxXXCbvqkQ=">AAADBnicjVLLSgMxFD0dX7W+qi5dOFgE3chUBF 1W3bisYB+gIplprMF5kckIpXQp+C+CK4tbf8M/qH/hTZyCtfhImJlzz73nZG4SN/ZFohznLWdNTE5Nz+RnC3PzC4tLxeWVehKl0uM1L/Ij2XRZwn0R8poSyufNWHIWuD5vuLfHOt+44zIRUXimOjG/DFg7FNfCY4qoq+L6RcDUjQy6LcHava 3R6HB7+6pYcnYcM+xxUM5ACdmoRsUBLtBCBA8pAnCEUIR9MCQ0z1GGg5i4S3SJk4SEyXP0UCBtSlWcKhixt/RuU3SesSHF2jMxao9W8emRpLSxSZqI6iRhvZpt8qlx1uxP3l3jqf+tQ1838wqIVbgh9i/dsPK/Ot2LwjUOTA+CeooNo7vzMp fU7Ir+c/tLV4ocYuI0blFeEvaMcrjPttEkpne9t8zkB6ZSszr2stoU779259IM9JnQFSh/P/BxUN/dKRM+3StVjrLLkMcaNrBFJ76PCk5QRY1WuMcjntG3Hqwnq2+9fJZauUyzipFhvX4Ab3KjjA==</latexit><latexit sha1_base64="EVmMBesDeYrt6yN1qHxXXCbvqkQ=">AAADBnicjVLLSgMxFD0dX7W+qi5dOFgE3chUBF 1W3bisYB+gIplprMF5kckIpXQp+C+CK4tbf8M/qH/hTZyCtfhImJlzz73nZG4SN/ZFohznLWdNTE5Nz+RnC3PzC4tLxeWVehKl0uM1L/Ij2XRZwn0R8poSyufNWHIWuD5vuLfHOt+44zIRUXimOjG/DFg7FNfCY4qoq+L6RcDUjQy6LcHava 3R6HB7+6pYcnYcM+xxUM5ACdmoRsUBLtBCBA8pAnCEUIR9MCQ0z1GGg5i4S3SJk4SEyXP0UCBtSlWcKhixt/RuU3SesSHF2jMxao9W8emRpLSxSZqI6iRhvZpt8qlx1uxP3l3jqf+tQ1838wqIVbgh9i/dsPK/Ot2LwjUOTA+CeooNo7vzMp fU7Ir+c/tLV4ocYuI0blFeEvaMcrjPttEkpne9t8zkB6ZSszr2stoU779259IM9JnQFSh/P/BxUN/dKRM+3StVjrLLkMcaNrBFJ76PCk5QRY1WuMcjntG3Hqwnq2+9fJZauUyzipFhvX4Ab3KjjA==</latexit>
A
<latexit sha1_base64="L/H5PmJg7lDPix4ajbCVKnwRrSc=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoM uqG5ct2FaoRWbStB06LzIZoRS/QHBlcetv+Qf1L7yJKajFR8JkTs495yY3iZcEfiod5zVnLSwuLa/kVwtr6xubW8XtnWYaZ4LxBouDWFx7bsoDP+IN6cuAXyeCu6EX8JY3vFDx1h0XqR9HV3KU8E7o9iO/5zNXElU/uy2WnLKjmz0PKgaUYF otLk5xgy5iMGQIwRFBEg7gIqXeRgUOEuI6GBMnCPk6znGPAnkzUnFSuMQOaezTrG3YiOYqZ6rdjFYJ6BPktHFAnph0grBazdbxTGdW7E+5xzqn2tuI/p7JFRIrMSD2L99M+V+fqkWih1Ndg081JZpR1TGTJdOnonZuf6pKUoaEOIW7FBeEmX bOztnWnlTXrs7W1fGpVipWzZnRZnj7tTqPeqjuhJ5A5fuFz4PmUblCuH5cqp6bx5DHHvZxSDd+giouUUNDr/6AJ0ysgfVoTaznD6mVM55dfGnWyzu/MZap</latexit><latexit sha1_base64="L/H5PmJg7lDPix4ajbCVKnwRrSc=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoM uqG5ct2FaoRWbStB06LzIZoRS/QHBlcetv+Qf1L7yJKajFR8JkTs495yY3iZcEfiod5zVnLSwuLa/kVwtr6xubW8XtnWYaZ4LxBouDWFx7bsoDP+IN6cuAXyeCu6EX8JY3vFDx1h0XqR9HV3KU8E7o9iO/5zNXElU/uy2WnLKjmz0PKgaUYF otLk5xgy5iMGQIwRFBEg7gIqXeRgUOEuI6GBMnCPk6znGPAnkzUnFSuMQOaezTrG3YiOYqZ6rdjFYJ6BPktHFAnph0grBazdbxTGdW7E+5xzqn2tuI/p7JFRIrMSD2L99M+V+fqkWih1Ndg081JZpR1TGTJdOnonZuf6pKUoaEOIW7FBeEmX bOztnWnlTXrs7W1fGpVipWzZnRZnj7tTqPeqjuhJ5A5fuFz4PmUblCuH5cqp6bx5DHHvZxSDd+giouUUNDr/6AJ0ysgfVoTaznD6mVM55dfGnWyzu/MZap</latexit><latexit sha1_base64="L/H5PmJg7lDPix4ajbCVKnwRrSc=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoM uqG5ct2FaoRWbStB06LzIZoRS/QHBlcetv+Qf1L7yJKajFR8JkTs495yY3iZcEfiod5zVnLSwuLa/kVwtr6xubW8XtnWYaZ4LxBouDWFx7bsoDP+IN6cuAXyeCu6EX8JY3vFDx1h0XqR9HV3KU8E7o9iO/5zNXElU/uy2WnLKjmz0PKgaUYF otLk5xgy5iMGQIwRFBEg7gIqXeRgUOEuI6GBMnCPk6znGPAnkzUnFSuMQOaezTrG3YiOYqZ6rdjFYJ6BPktHFAnph0grBazdbxTGdW7E+5xzqn2tuI/p7JFRIrMSD2L99M+V+fqkWih1Ndg081JZpR1TGTJdOnonZuf6pKUoaEOIW7FBeEmX bOztnWnlTXrs7W1fGpVipWzZnRZnj7tTqPeqjuhJ5A5fuFz4PmUblCuH5cqp6bx5DHHvZxSDd+giouUUNDr/6AJ0ysgfVoTaznD6mVM55dfGnWyzu/MZap</latexit><latexit sha1_base64="L/H5PmJg7lDPix4ajbCVKnwRrSc=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoM uqG5ct2FaoRWbStB06LzIZoRS/QHBlcetv+Qf1L7yJKajFR8JkTs495yY3iZcEfiod5zVnLSwuLa/kVwtr6xubW8XtnWYaZ4LxBouDWFx7bsoDP+IN6cuAXyeCu6EX8JY3vFDx1h0XqR9HV3KU8E7o9iO/5zNXElU/uy2WnLKjmz0PKgaUYF otLk5xgy5iMGQIwRFBEg7gIqXeRgUOEuI6GBMnCPk6znGPAnkzUnFSuMQOaezTrG3YiOYqZ6rdjFYJ6BPktHFAnph0grBazdbxTGdW7E+5xzqn2tuI/p7JFRIrMSD2L99M+V+fqkWih1Ndg081JZpR1TGTJdOnonZuf6pKUoaEOIW7FBeEmX bOztnWnlTXrs7W1fGpVipWzZnRZnj7tTqPeqjuhJ5A5fuFz4PmUblCuH5cqp6bx5DHHvZxSDd+giouUUNDr/6AJ0ysgfVoTaznD6mVM55dfGnWyzu/MZap</latexit>
a
<latexit sha1_base64="JnCtEJRVH/GZOhhw8PfOdIvLrAM=">AAAC73icjVLLSgMxFD0dX7W+qi7dDBbBVZkRQZ dFNy4r2Ae2Iplp2g6dl5mMUEr/QnBlcesn+Qf1L7yJU1CLj4TJnJx7zk1uEif2vURa1mvOWFhcWl7JrxbW1jc2t4rbO/UkSoXLa27kR6LpsIT7Xshr0pM+b8aCs8DxecMZnKt4456LxIvCKzmM+U3AeqHX9VwmibpuB0z2ne6IjW+LJats6W bOAzsDJWStGhWnaKODCC5SBOAIIQn7YEiot2DDQkzcDUbECUKejnOMUSBvSipOCkbsgMYezVoZG9Jc5Uy026VVfPoEOU0ckCcinSCsVjN1PNWZFftT7pHOqfY2pL+T5QqIlegT+5dvpvyvT9Ui0cWprsGjmmLNqOrcLEuqT0Xt3PxUlaQMMX EKdyguCLvaOTtnU3sSXbs6W6bjU61UrJq7mTbF26/VOdQDdSf0BOzvFz4P6kdlm/Dlcalylj2GPPawj0O68RNUcIEqarRCiAc8YWLcGY/GxHj+kBq5zLOLL814eQft+Jrp</latexit><latexit sha1_base64="JnCtEJRVH/GZOhhw8PfOdIvLrAM=">AAAC73icjVLLSgMxFD0dX7W+qi7dDBbBVZkRQZ dFNy4r2Ae2Iplp2g6dl5mMUEr/QnBlcesn+Qf1L7yJU1CLj4TJnJx7zk1uEif2vURa1mvOWFhcWl7JrxbW1jc2t4rbO/UkSoXLa27kR6LpsIT7Xshr0pM+b8aCs8DxecMZnKt4456LxIvCKzmM+U3AeqHX9VwmibpuB0z2ne6IjW+LJats6W bOAzsDJWStGhWnaKODCC5SBOAIIQn7YEiot2DDQkzcDUbECUKejnOMUSBvSipOCkbsgMYezVoZG9Jc5Uy026VVfPoEOU0ckCcinSCsVjN1PNWZFftT7pHOqfY2pL+T5QqIlegT+5dvpvyvT9Ui0cWprsGjmmLNqOrcLEuqT0Xt3PxUlaQMMX EKdyguCLvaOTtnU3sSXbs6W6bjU61UrJq7mTbF26/VOdQDdSf0BOzvFz4P6kdlm/Dlcalylj2GPPawj0O68RNUcIEqarRCiAc8YWLcGY/GxHj+kBq5zLOLL814eQft+Jrp</latexit><latexit sha1_base64="JnCtEJRVH/GZOhhw8PfOdIvLrAM=">AAAC73icjVLLSgMxFD0dX7W+qi7dDBbBVZkRQZ dFNy4r2Ae2Iplp2g6dl5mMUEr/QnBlcesn+Qf1L7yJU1CLj4TJnJx7zk1uEif2vURa1mvOWFhcWl7JrxbW1jc2t4rbO/UkSoXLa27kR6LpsIT7Xshr0pM+b8aCs8DxecMZnKt4456LxIvCKzmM+U3AeqHX9VwmibpuB0z2ne6IjW+LJats6W bOAzsDJWStGhWnaKODCC5SBOAIIQn7YEiot2DDQkzcDUbECUKejnOMUSBvSipOCkbsgMYezVoZG9Jc5Uy026VVfPoEOU0ckCcinSCsVjN1PNWZFftT7pHOqfY2pL+T5QqIlegT+5dvpvyvT9Ui0cWprsGjmmLNqOrcLEuqT0Xt3PxUlaQMMX EKdyguCLvaOTtnU3sSXbs6W6bjU61UrJq7mTbF26/VOdQDdSf0BOzvFz4P6kdlm/Dlcalylj2GPPawj0O68RNUcIEqarRCiAc8YWLcGY/GxHj+kBq5zLOLL814eQft+Jrp</latexit><latexit sha1_base64="JnCtEJRVH/GZOhhw8PfOdIvLrAM=">AAAC73icjVLLSgMxFD0dX7W+qi7dDBbBVZkRQZ dFNy4r2Ae2Iplp2g6dl5mMUEr/QnBlcesn+Qf1L7yJU1CLj4TJnJx7zk1uEif2vURa1mvOWFhcWl7JrxbW1jc2t4rbO/UkSoXLa27kR6LpsIT7Xshr0pM+b8aCs8DxecMZnKt4456LxIvCKzmM+U3AeqHX9VwmibpuB0z2ne6IjW+LJats6W bOAzsDJWStGhWnaKODCC5SBOAIIQn7YEiot2DDQkzcDUbECUKejnOMUSBvSipOCkbsgMYezVoZG9Jc5Uy026VVfPoEOU0ckCcinSCsVjN1PNWZFftT7pHOqfY2pL+T5QqIlegT+5dvpvyvT9Ui0cWprsGjmmLNqOrcLEuqT0Xt3PxUlaQMMX EKdyguCLvaOTtnU3sSXbs6W6bjU61UrJq7mTbF26/VOdQDdSf0BOzvFz4P6kdlm/Dlcalylj2GPPawj0O68RNUcIEqarRCiAc8YWLcGY/GxHj+kBq5zLOLL814eQft+Jrp</latexit>
A
<latexit sha1_base64="L/H5PmJg7lDPix4ajbCVKnwRrSc=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoM uqG5ct2FaoRWbStB06LzIZoRS/QHBlcetv+Qf1L7yJKajFR8JkTs495yY3iZcEfiod5zVnLSwuLa/kVwtr6xubW8XtnWYaZ4LxBouDWFx7bsoDP+IN6cuAXyeCu6EX8JY3vFDx1h0XqR9HV3KU8E7o9iO/5zNXElU/uy2WnLKjmz0PKgaUYF otLk5xgy5iMGQIwRFBEg7gIqXeRgUOEuI6GBMnCPk6znGPAnkzUnFSuMQOaezTrG3YiOYqZ6rdjFYJ6BPktHFAnph0grBazdbxTGdW7E+5xzqn2tuI/p7JFRIrMSD2L99M+V+fqkWih1Ndg081JZpR1TGTJdOnonZuf6pKUoaEOIW7FBeEmX bOztnWnlTXrs7W1fGpVipWzZnRZnj7tTqPeqjuhJ5A5fuFz4PmUblCuH5cqp6bx5DHHvZxSDd+giouUUNDr/6AJ0ysgfVoTaznD6mVM55dfGnWyzu/MZap</latexit><latexit sha1_base64="L/H5PmJg7lDPix4ajbCVKnwRrSc=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoM uqG5ct2FaoRWbStB06LzIZoRS/QHBlcetv+Qf1L7yJKajFR8JkTs495yY3iZcEfiod5zVnLSwuLa/kVwtr6xubW8XtnWYaZ4LxBouDWFx7bsoDP+IN6cuAXyeCu6EX8JY3vFDx1h0XqR9HV3KU8E7o9iO/5zNXElU/uy2WnLKjmz0PKgaUYF otLk5xgy5iMGQIwRFBEg7gIqXeRgUOEuI6GBMnCPk6znGPAnkzUnFSuMQOaezTrG3YiOYqZ6rdjFYJ6BPktHFAnph0grBazdbxTGdW7E+5xzqn2tuI/p7JFRIrMSD2L99M+V+fqkWih1Ndg081JZpR1TGTJdOnonZuf6pKUoaEOIW7FBeEmX bOztnWnlTXrs7W1fGpVipWzZnRZnj7tTqPeqjuhJ5A5fuFz4PmUblCuH5cqp6bx5DHHvZxSDd+giouUUNDr/6AJ0ysgfVoTaznD6mVM55dfGnWyzu/MZap</latexit><latexit sha1_base64="L/H5PmJg7lDPix4ajbCVKnwRrSc=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoM uqG5ct2FaoRWbStB06LzIZoRS/QHBlcetv+Qf1L7yJKajFR8JkTs495yY3iZcEfiod5zVnLSwuLa/kVwtr6xubW8XtnWYaZ4LxBouDWFx7bsoDP+IN6cuAXyeCu6EX8JY3vFDx1h0XqR9HV3KU8E7o9iO/5zNXElU/uy2WnLKjmz0PKgaUYF otLk5xgy5iMGQIwRFBEg7gIqXeRgUOEuI6GBMnCPk6znGPAnkzUnFSuMQOaezTrG3YiOYqZ6rdjFYJ6BPktHFAnph0grBazdbxTGdW7E+5xzqn2tuI/p7JFRIrMSD2L99M+V+fqkWih1Ndg081JZpR1TGTJdOnonZuf6pKUoaEOIW7FBeEmX bOztnWnlTXrs7W1fGpVipWzZnRZnj7tTqPeqjuhJ5A5fuFz4PmUblCuH5cqp6bx5DHHvZxSDd+giouUUNDr/6AJ0ysgfVoTaznD6mVM55dfGnWyzu/MZap</latexit><latexit sha1_base64="L/H5PmJg7lDPix4ajbCVKnwRrSc=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoM uqG5ct2FaoRWbStB06LzIZoRS/QHBlcetv+Qf1L7yJKajFR8JkTs495yY3iZcEfiod5zVnLSwuLa/kVwtr6xubW8XtnWYaZ4LxBouDWFx7bsoDP+IN6cuAXyeCu6EX8JY3vFDx1h0XqR9HV3KU8E7o9iO/5zNXElU/uy2WnLKjmz0PKgaUYF otLk5xgy5iMGQIwRFBEg7gIqXeRgUOEuI6GBMnCPk6znGPAnkzUnFSuMQOaezTrG3YiOYqZ6rdjFYJ6BPktHFAnph0grBazdbxTGdW7E+5xzqn2tuI/p7JFRIrMSD2L99M+V+fqkWih1Ndg081JZpR1TGTJdOnonZuf6pKUoaEOIW7FBeEmX bOztnWnlTXrs7W1fGpVipWzZnRZnj7tTqPeqjuhJ5A5fuFz4PmUblCuH5cqp6bx5DHHvZxSDd+giouUUNDr/6AJ0ysgfVoTaznD6mVM55dfGnWyzu/MZap</latexit><latexit sha1_base64="L/H5PmJg7lDPix4ajbCVKnwRrSc=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoM uqG5ct2FaoRWbStB06LzIZoRS/QHBlcetv+Qf1L7yJKajFR8JkTs495yY3iZcEfiod5zVnLSwuLa/kVwtr6xubW8XtnWYaZ4LxBouDWFx7bsoDP+IN6cuAXyeCu6EX8JY3vFDx1h0XqR9HV3KU8E7o9iO/5zNXElU/uy2WnLKjmz0PKgaUYF otLk5xgy5iMGQIwRFBEg7gIqXeRgUOEuI6GBMnCPk6znGPAnkzUnFSuMQOaezTrG3YiOYqZ6rdjFYJ6BPktHFAnph0grBazdbxTGdW7E+5xzqn2tuI/p7JFRIrMSD2L99M+V+fqkWih1Ndg081JZpR1TGTJdOnonZuf6pKUoaEOIW7FBeEmX bOztnWnlTXrs7W1fGpVipWzZnRZnj7tTqPeqjuhJ5A5fuFz4PmUblCuH5cqp6bx5DHHvZxSDd+giouUUNDr/6AJ0ysgfVoTaznD6mVM55dfGnWyzu/MZap</latexit><latexit sha1_base64="L/H5PmJg7lDPix4ajbCVKnwRrSc=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoM uqG5ct2FaoRWbStB06LzIZoRS/QHBlcetv+Qf1L7yJKajFR8JkTs495yY3iZcEfiod5zVnLSwuLa/kVwtr6xubW8XtnWYaZ4LxBouDWFx7bsoDP+IN6cuAXyeCu6EX8JY3vFDx1h0XqR9HV3KU8E7o9iO/5zNXElU/uy2WnLKjmz0PKgaUYF otLk5xgy5iMGQIwRFBEg7gIqXeRgUOEuI6GBMnCPk6znGPAnkzUnFSuMQOaezTrG3YiOYqZ6rdjFYJ6BPktHFAnph0grBazdbxTGdW7E+5xzqn2tuI/p7JFRIrMSD2L99M+V+fqkWih1Ndg081JZpR1TGTJdOnonZuf6pKUoaEOIW7FBeEmX bOztnWnlTXrs7W1fGpVipWzZnRZnj7tTqPeqjuhJ5A5fuFz4PmUblCuH5cqp6bx5DHHvZxSDd+giouUUNDr/6AJ0ysgfVoTaznD6mVM55dfGnWyzu/MZap</latexit><latexit sha1_base64="L/H5PmJg7lDPix4ajbCVKnwRrSc=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoM uqG5ct2FaoRWbStB06LzIZoRS/QHBlcetv+Qf1L7yJKajFR8JkTs495yY3iZcEfiod5zVnLSwuLa/kVwtr6xubW8XtnWYaZ4LxBouDWFx7bsoDP+IN6cuAXyeCu6EX8JY3vFDx1h0XqR9HV3KU8E7o9iO/5zNXElU/uy2WnLKjmz0PKgaUYF otLk5xgy5iMGQIwRFBEg7gIqXeRgUOEuI6GBMnCPk6znGPAnkzUnFSuMQOaezTrG3YiOYqZ6rdjFYJ6BPktHFAnph0grBazdbxTGdW7E+5xzqn2tuI/p7JFRIrMSD2L99M+V+fqkWih1Ndg081JZpR1TGTJdOnonZuf6pKUoaEOIW7FBeEmX bOztnWnlTXrs7W1fGpVipWzZnRZnj7tTqPeqjuhJ5A5fuFz4PmUblCuH5cqp6bx5DHHvZxSDd+giouUUNDr/6AJ0ysgfVoTaznD6mVM55dfGnWyzu/MZap</latexit><latexit sha1_base64="L/H5PmJg7lDPix4ajbCVKnwRrSc=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoM uqG5ct2FaoRWbStB06LzIZoRS/QHBlcetv+Qf1L7yJKajFR8JkTs495yY3iZcEfiod5zVnLSwuLa/kVwtr6xubW8XtnWYaZ4LxBouDWFx7bsoDP+IN6cuAXyeCu6EX8JY3vFDx1h0XqR9HV3KU8E7o9iO/5zNXElU/uy2WnLKjmz0PKgaUYF otLk5xgy5iMGQIwRFBEg7gIqXeRgUOEuI6GBMnCPk6znGPAnkzUnFSuMQOaezTrG3YiOYqZ6rdjFYJ6BPktHFAnph0grBazdbxTGdW7E+5xzqn2tuI/p7JFRIrMSD2L99M+V+fqkWih1Ndg081JZpR1TGTJdOnonZuf6pKUoaEOIW7FBeEmX bOztnWnlTXrs7W1fGpVipWzZnRZnj7tTqPeqjuhJ5A5fuFz4PmUblCuH5cqp6bx5DHHvZxSDd+giouUUNDr/6AJ0ysgfVoTaznD6mVM55dfGnWyzu/MZap</latexit>
Tr(A)
<latexit sha1_base64="sv38vkzs6m8LH3ZvKegFlcJomfo=">AAAC83icjVLLSgMxFD0dX7W+qi7dDBahbsqMCL qsunFZoS9oq8xM03bovMhkhFL6H4Iri1s/yD+of+FNnIJafCRM5uTcc25yk9iR58bCMF4z2tLyyupadj23sbm1vZPf3avHYcIdVnNCL+RN24qZ5wasJlzhsWbEmeXbHmvYwysZb9wzHrthUBWjiHV8qx+4PdexBFG3bd8SA+6Pq3xSvDi+yx eMkqGavgjMFBSQtkqYn6GNLkI4SOCDIYAg7MFCTL0FEwYi4joYE8cJuSrOMEGOvAmpGCksYoc09mnWStmA5jJnrNwOreLRx8mp44g8Iek4YbmaruKJyizZn3KPVU65txH97TSXT6zAgNi/fHPlf32yFoEezlUNLtUUKUZW56RZEnUqcuf6p6 oEZYiIk7hLcU7YUc75OevKE6va5dlaKj5TSsnKuZNqE7z9Wp1N3Zd3Qk/A/H7hi6B+UjIJ35wWypfpY8jiAIco0o2foYxrVFCjFTge8ISplmiP2lR7/pBqmdSzjy9Ne3kHPhScHw==</latexit><latexit sha1_base64="sv38vkzs6m8LH3ZvKegFlcJomfo=">AAAC83icjVLLSgMxFD0dX7W+qi7dDBahbsqMCL qsunFZoS9oq8xM03bovMhkhFL6H4Iri1s/yD+of+FNnIJafCRM5uTcc25yk9iR58bCMF4z2tLyyupadj23sbm1vZPf3avHYcIdVnNCL+RN24qZ5wasJlzhsWbEmeXbHmvYwysZb9wzHrthUBWjiHV8qx+4PdexBFG3bd8SA+6Pq3xSvDi+yx eMkqGavgjMFBSQtkqYn6GNLkI4SOCDIYAg7MFCTL0FEwYi4joYE8cJuSrOMEGOvAmpGCksYoc09mnWStmA5jJnrNwOreLRx8mp44g8Iek4YbmaruKJyizZn3KPVU65txH97TSXT6zAgNi/fHPlf32yFoEezlUNLtUUKUZW56RZEnUqcuf6p6 oEZYiIk7hLcU7YUc75OevKE6va5dlaKj5TSsnKuZNqE7z9Wp1N3Zd3Qk/A/H7hi6B+UjIJ35wWypfpY8jiAIco0o2foYxrVFCjFTge8ISplmiP2lR7/pBqmdSzjy9Ne3kHPhScHw==</latexit><latexit sha1_base64="sv38vkzs6m8LH3ZvKegFlcJomfo=">AAAC83icjVLLSgMxFD0dX7W+qi7dDBahbsqMCL qsunFZoS9oq8xM03bovMhkhFL6H4Iri1s/yD+of+FNnIJafCRM5uTcc25yk9iR58bCMF4z2tLyyupadj23sbm1vZPf3avHYcIdVnNCL+RN24qZ5wasJlzhsWbEmeXbHmvYwysZb9wzHrthUBWjiHV8qx+4PdexBFG3bd8SA+6Pq3xSvDi+yx eMkqGavgjMFBSQtkqYn6GNLkI4SOCDIYAg7MFCTL0FEwYi4joYE8cJuSrOMEGOvAmpGCksYoc09mnWStmA5jJnrNwOreLRx8mp44g8Iek4YbmaruKJyizZn3KPVU65txH97TSXT6zAgNi/fHPlf32yFoEezlUNLtUUKUZW56RZEnUqcuf6p6 oEZYiIk7hLcU7YUc75OevKE6va5dlaKj5TSsnKuZNqE7z9Wp1N3Zd3Qk/A/H7hi6B+UjIJ35wWypfpY8jiAIco0o2foYxrVFCjFTge8ISplmiP2lR7/pBqmdSzjy9Ne3kHPhScHw==</latexit><latexit sha1_base64="sv38vkzs6m8LH3ZvKegFlcJomfo=">AAAC83icjVLLSgMxFD0dX7W+qi7dDBahbsqMCL qsunFZoS9oq8xM03bovMhkhFL6H4Iri1s/yD+of+FNnIJafCRM5uTcc25yk9iR58bCMF4z2tLyyupadj23sbm1vZPf3avHYcIdVnNCL+RN24qZ5wasJlzhsWbEmeXbHmvYwysZb9wzHrthUBWjiHV8qx+4PdexBFG3bd8SA+6Pq3xSvDi+yx eMkqGavgjMFBSQtkqYn6GNLkI4SOCDIYAg7MFCTL0FEwYi4joYE8cJuSrOMEGOvAmpGCksYoc09mnWStmA5jJnrNwOreLRx8mp44g8Iek4YbmaruKJyizZn3KPVU65txH97TSXT6zAgNi/fHPlf32yFoEezlUNLtUUKUZW56RZEnUqcuf6p6 oEZYiIk7hLcU7YUc75OevKE6va5dlaKj5TSsnKuZNqE7z9Wp1N3Zd3Qk/A/H7hi6B+UjIJ35wWypfpY8jiAIco0o2foYxrVFCjFTge8ISplmiP2lR7/pBqmdSzjy9Ne3kHPhScHw==</latexit>
Tr1(A)
<latexit sha1_base64="oheeHjnZFGWn+t2b078aQPmTXCY=">AAAC93icjVLLSsNAFD2Nr1pfUZdugkWom5KIoM uqG5cV+oJaSpJOazAvJpNCKf0TwZXFrZ/jH9S/8M6Yglp8zJDJmXPPuTN3ZpzY9xJhmq85bWl5ZXUtv17Y2Nza3tF39xpJlHKX1d3Ij3jLsRPmeyGrC0/4rBVzZgeOz5rO/ZWMN4eMJ14U1sQoZp3AHoRe33NtQVRX128DW9zxYFzjk65Vuj ju6kWzbKpmLAIrA0VkrRrpM9yihwguUgRgCCEI+7CRUG/DgomYuA7GxHFCnoozTFAgb0oqRgqb2HsaBzRrZ2xIc5kzUW6XVvHp4+Q0cESeiHScsFzNUPFUZZbsT7nHKqfc24j+TpYrIFbgjti/fHPlf32yFoE+zlUNHtUUK0ZW52ZZUnUqcu fGp6oEZYiJk7hHcU7YVc75ORvKk6ja5dnaKj5TSsnKuZtpU7z9Wp1DPZB3Qk/A+n7hi6BxUrYI35wWK5fZY8jjAIco0Y2foYJrVFGnFYZ4wBOm2kh71Kba84dUy2WefXxp2ss7lTec9A==</latexit><latexit sha1_base64="oheeHjnZFGWn+t2b078aQPmTXCY=">AAAC93icjVLLSsNAFD2Nr1pfUZdugkWom5KIoM uqG5cV+oJaSpJOazAvJpNCKf0TwZXFrZ/jH9S/8M6Yglp8zJDJmXPPuTN3ZpzY9xJhmq85bWl5ZXUtv17Y2Nza3tF39xpJlHKX1d3Ij3jLsRPmeyGrC0/4rBVzZgeOz5rO/ZWMN4eMJ14U1sQoZp3AHoRe33NtQVRX128DW9zxYFzjk65Vuj ju6kWzbKpmLAIrA0VkrRrpM9yihwguUgRgCCEI+7CRUG/DgomYuA7GxHFCnoozTFAgb0oqRgqb2HsaBzRrZ2xIc5kzUW6XVvHp4+Q0cESeiHScsFzNUPFUZZbsT7nHKqfc24j+TpYrIFbgjti/fHPlf32yFoE+zlUNHtUUK0ZW52ZZUnUqcu fGp6oEZYiJk7hHcU7YVc75ORvKk6ja5dnaKj5TSsnKuZtpU7z9Wp1DPZB3Qk/A+n7hi6BxUrYI35wWK5fZY8jjAIco0Y2foYJrVFGnFYZ4wBOm2kh71Kba84dUy2WefXxp2ss7lTec9A==</latexit><latexit sha1_base64="oheeHjnZFGWn+t2b078aQPmTXCY=">AAAC93icjVLLSsNAFD2Nr1pfUZdugkWom5KIoM uqG5cV+oJaSpJOazAvJpNCKf0TwZXFrZ/jH9S/8M6Yglp8zJDJmXPPuTN3ZpzY9xJhmq85bWl5ZXUtv17Y2Nza3tF39xpJlHKX1d3Ij3jLsRPmeyGrC0/4rBVzZgeOz5rO/ZWMN4eMJ14U1sQoZp3AHoRe33NtQVRX128DW9zxYFzjk65Vuj ju6kWzbKpmLAIrA0VkrRrpM9yihwguUgRgCCEI+7CRUG/DgomYuA7GxHFCnoozTFAgb0oqRgqb2HsaBzRrZ2xIc5kzUW6XVvHp4+Q0cESeiHScsFzNUPFUZZbsT7nHKqfc24j+TpYrIFbgjti/fHPlf32yFoE+zlUNHtUUK0ZW52ZZUnUqcu fGp6oEZYiJk7hHcU7YVc75ORvKk6ja5dnaKj5TSsnKuZtpU7z9Wp1DPZB3Qk/A+n7hi6BxUrYI35wWK5fZY8jjAIco0Y2foYJrVFGnFYZ4wBOm2kh71Kba84dUy2WefXxp2ss7lTec9A==</latexit><latexit sha1_base64="oheeHjnZFGWn+t2b078aQPmTXCY=">AAAC93icjVLLSsNAFD2Nr1pfUZdugkWom5KIoM uqG5cV+oJaSpJOazAvJpNCKf0TwZXFrZ/jH9S/8M6Yglp8zJDJmXPPuTN3ZpzY9xJhmq85bWl5ZXUtv17Y2Nza3tF39xpJlHKX1d3Ij3jLsRPmeyGrC0/4rBVzZgeOz5rO/ZWMN4eMJ14U1sQoZp3AHoRe33NtQVRX128DW9zxYFzjk65Vuj ju6kWzbKpmLAIrA0VkrRrpM9yihwguUgRgCCEI+7CRUG/DgomYuA7GxHFCnoozTFAgb0oqRgqb2HsaBzRrZ2xIc5kzUW6XVvHp4+Q0cESeiHScsFzNUPFUZZbsT7nHKqfc24j+TpYrIFbgjti/fHPlf32yFoE+zlUNHtUUK0ZW52ZZUnUqcu fGp6oEZYiJk7hHcU7YVc75ORvKk6ja5dnaKj5TSsnKuZtpU7z9Wp1DPZB3Qk/A+n7hi6BxUrYI35wWK5fZY8jjAIco0Y2foYJrVFGnFYZ4wBOm2kh71Kba84dUy2WefXxp2ss7lTec9A==</latexit>
Tr2(A)
<latexit sha1_base64="UWoQ3aU2X+q8rdBMoW08SEj8YBk=">AAAC93icjVLLSgMxFD0d3+9Rl24Gi6CbMiOCLq tuXCq0VahSMjFtg/MikymU4p8IrhS3fo5/oH/hTRzBBz4SJnNy7jk3uUnCLJK59v2nijM2PjE5NT0zOze/sLjkLq+08rRQXDR5GqXqLGS5iGQimlrqSJxlSrA4jMRpeHVo4qcDoXKZJg09zMRFzHqJ7ErONFEd1z2Pme6reNRQ153tzf2tjl v1a75t3ncQlKCKsh2n7jPOcYkUHAViCCTQhCMw5NTbCOAjI+4CI+IUIWnjAteYJW9BKkEKRuwVjT2atUs2obnJmVs3p1Ui+hQ5PWyQJyWdImxW82y8sJkN+1Pukc1p9jakf1jmionV6BP7l+9d+V+fqUWjiz1bg6SaMsuY6niZpbCnYnbufa hKU4aMOIMvKa4Ic+t8P2fPenJbuzlbZuPPVmlYM+eltsDLr9WF1GNzJ/QEgq8X/h20tmsB4ZOdav2gfAzTWMM6NunGd1HHEY7RpBUGuMEd7p2hc+vcOw9vUqdSelbxqTmPr5e8nPU=</latexit><latexit sha1_base64="UWoQ3aU2X+q8rdBMoW08SEj8YBk=">AAAC93icjVLLSgMxFD0d3+9Rl24Gi6CbMiOCLq tuXCq0VahSMjFtg/MikymU4p8IrhS3fo5/oH/hTRzBBz4SJnNy7jk3uUnCLJK59v2nijM2PjE5NT0zOze/sLjkLq+08rRQXDR5GqXqLGS5iGQimlrqSJxlSrA4jMRpeHVo4qcDoXKZJg09zMRFzHqJ7ErONFEd1z2Pme6reNRQ153tzf2tjl v1a75t3ncQlKCKsh2n7jPOcYkUHAViCCTQhCMw5NTbCOAjI+4CI+IUIWnjAteYJW9BKkEKRuwVjT2atUs2obnJmVs3p1Ui+hQ5PWyQJyWdImxW82y8sJkN+1Pukc1p9jakf1jmionV6BP7l+9d+V+fqUWjiz1bg6SaMsuY6niZpbCnYnbufa hKU4aMOIMvKa4Ic+t8P2fPenJbuzlbZuPPVmlYM+eltsDLr9WF1GNzJ/QEgq8X/h20tmsB4ZOdav2gfAzTWMM6NunGd1HHEY7RpBUGuMEd7p2hc+vcOw9vUqdSelbxqTmPr5e8nPU=</latexit><latexit sha1_base64="UWoQ3aU2X+q8rdBMoW08SEj8YBk=">AAAC93icjVLLSgMxFD0d3+9Rl24Gi6CbMiOCLq tuXCq0VahSMjFtg/MikymU4p8IrhS3fo5/oH/hTRzBBz4SJnNy7jk3uUnCLJK59v2nijM2PjE5NT0zOze/sLjkLq+08rRQXDR5GqXqLGS5iGQimlrqSJxlSrA4jMRpeHVo4qcDoXKZJg09zMRFzHqJ7ErONFEd1z2Pme6reNRQ153tzf2tjl v1a75t3ncQlKCKsh2n7jPOcYkUHAViCCTQhCMw5NTbCOAjI+4CI+IUIWnjAteYJW9BKkEKRuwVjT2atUs2obnJmVs3p1Ui+hQ5PWyQJyWdImxW82y8sJkN+1Pukc1p9jakf1jmionV6BP7l+9d+V+fqUWjiz1bg6SaMsuY6niZpbCnYnbufa hKU4aMOIMvKa4Ic+t8P2fPenJbuzlbZuPPVmlYM+eltsDLr9WF1GNzJ/QEgq8X/h20tmsB4ZOdav2gfAzTWMM6NunGd1HHEY7RpBUGuMEd7p2hc+vcOw9vUqdSelbxqTmPr5e8nPU=</latexit><latexit sha1_base64="UWoQ3aU2X+q8rdBMoW08SEj8YBk=">AAAC93icjVLLSgMxFD0d3+9Rl24Gi6CbMiOCLq tuXCq0VahSMjFtg/MikymU4p8IrhS3fo5/oH/hTRzBBz4SJnNy7jk3uUnCLJK59v2nijM2PjE5NT0zOze/sLjkLq+08rRQXDR5GqXqLGS5iGQimlrqSJxlSrA4jMRpeHVo4qcDoXKZJg09zMRFzHqJ7ErONFEd1z2Pme6reNRQ153tzf2tjl v1a75t3ncQlKCKsh2n7jPOcYkUHAViCCTQhCMw5NTbCOAjI+4CI+IUIWnjAteYJW9BKkEKRuwVjT2atUs2obnJmVs3p1Ui+hQ5PWyQJyWdImxW82y8sJkN+1Pukc1p9jakf1jmionV6BP7l+9d+V+fqUWjiz1bg6SaMsuY6niZpbCnYnbufa hKU4aMOIMvKa4Ic+t8P2fPenJbuzlbZuPPVmlYM+eltsDLr9WF1GNzJ/QEgq8X/h20tmsB4ZOdav2gfAzTWMM6NunGd1HHEY7RpBUGuMEd7p2hc+vcOw9vUqdSelbxqTmPr5e8nPU=</latexit>
A
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FIG. 3. The Kronecker tensor can extract the diagonal of a
matrix A, produce a diagonal matrix from a vector a, erase
the off-diagonal elements of A, compute traces and partial
traces. Note that we are indicating two operations with the
same name diag(·) as their meaning is clear from the context
(diag of a matrix yields a vector, and diag of a vector yields
a matrix).
B. The vectorization tensor
The vectorization tensor mediates the operation of “se-
rializing” multiple indices into one. For example, if we
have two indices i ∈ {0, . . . , I−1} and j ∈ {0, . . . , J−1},
we can combine them into a single index m = i + jI
with m ∈ {0, . . . , IJ − 1}, and we can always retrieve i
and j from m if we know I and J . What happens to
a matrix Aij that is vectorized is that its columns (or
rows, depending on how we choose to perform the con-
traction) are concatenated in a vector so that all of the
entries are now indexed by m. The generalized index for-
mula for N indices i1, i2, . . . , iN with values in the ranges
3I1, I2, . . . , IN is
m =
N∑
j=1
ij
(
j−1∏
`=1
I`
)
(2)
= i1 + i2I1 + i3I1I2 + · · ·+ iNI1I2 . . . IN−1 (3)
We call it vectorization tensor because it flattens all of
the wires that it is attached to into a single one (like a
vector). We indicate it as γi1i2...,m, notice the comma
between the indices being vectorized and the new index.
The indexed definition of the vectorization tensor is
γi1i2...iN ,m =
{
1 if m =
∑N
j=1 ij
(∏j−1
`=1 I`
)
0 otherwise
(4)
We draw it as a triangle with N+1 wires:
i2
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FIG. 4. The vectorization tensor serializes multiple indices
into a single index in a reversible way (if we keep track of the
dimension and position of each wire).
Note that as the vectorization tensor is not symmetric
(as opposed to the Kronecker tensor), the order of the
wires is crucial.
These two tensors enjoy of the following properties:
=<latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit><latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit><latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit><latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit>
=<latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit><latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit><latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit><latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit>
=<latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit><latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit><latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit><latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit>
=<latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit><latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit><latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit><latexit sha1_base64="OSDbdcb1u8Zh2QabeJqVs6D i2Ac=">AAAC5nicjVLLSgMxFD0dX7W+qi7dDBbBVZmKoBuh6MZlC7YVapGZadqGzotMRijFLxBcWdz6W/5B/QtvYgp q8ZEwmZNzz7nJTeIlAU+l47zmrIXFpeWV/GphbX1jc6u4vdNM40z4rOHHQSyuPTdlAY9YQ3IZsOtEMDf0Atbyhhcq3 rpjIuVxdCVHCeuEbj/iPe67kqj62W2x5JQd3ex5UDGgBNNqcXGKG3QRw0eGEAwRJOEALlLqbVTgICGugzFxghDXcYZ 7FMibkYqRwiV2SGOfZm3DRjRXOVPt9mmVgD5BThsH5IlJJwir1Wwdz3Rmxf6Ue6xzqr2N6O+ZXCGxEgNi//LNlP/1q VokejjVNXCqKdGMqs43WTJ9Kmrn9qeqJGVIiFO4S3FB2NfO2Tnb2pPq2tXZujo+1UrFqrlvtBnefq3Oox6qO6EnUPl +4fOgeVSuEK4fl6rn5jHksYd9HNKNn6CKS9TQ0Ks/4AkTa2A9WhPr+UNq5YxnF1+a9fIOtSmWpQ==</latexit>
M wires N wires M+N wires
M wires M wires M wires
FIG. 5. Above: when we contract multiple Kronecker tensors
with wires of the same dimension we obtain other Kronecker
tensors with the appropriate number of wires. Below: when
we contract vectorization tensors, we need to be careful to
match the dimensions. Depending on which wires we con-
tract, we can end up with a high-dimensional identity matrix
or with the tensor product of several identity matrices.
The Kronecker and vectorization tensors can be com-
posed together and if the dimensions of the wires are
compatible, they enjoy of the property in Fig. 6. See also
Fig. 7 for a an example of a special case.
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FIG. 6. This identity holds if in the LHS there areN copies of
the same vectorization tensor and the Kronecker tensor’s in-
dices have a consistent dimension. Notice that we are “trans-
posing” the indices.
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FIG. 7. As an example of the swapping rule in Fig. 6, notice
how swapping the Kronecker and vectorization tensors leads
to twisting wires.
As we will see below, this property is the origin of the
bisymmetry property of some of the products that we are
going to describe.
III. PRODUCTS
We now proceed with the presentation of a few matrix
products. Here we summarize the requirements for
the dimensions of the matrices/tensors in order for the
products to be well-defined:
dim(A) dim(B) result
Dot I × J J ×K I ×K
Tensor I × J K × L I×J×K×L
Kronecker I × J K × L IK × JL
Hadamard I × J I × J I × J
Kathri-Rao I × J K × J IK × J
Tracy-Singh I×J×K×L P×Q×R×S IPKR×JQLS
4A. Dot product
The dot product consists in summing over a repeated
row-by-column pair. The dot product described with in-
dices is (AB)ik = AijBjk. In graphical notation we in-
dicate it by connecting the wires corresponding to the
index j:
A
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FIG. 8. The dot product in graphical notation consists of
connecting wires directly. Each dot product reduces by 2 the
total number of initial wires.
As two free wires remain, the result is another matrix.
B. Tensor product
The tensor product preserves all of the index infor-
mation: (A ⊗ B)ijk` = AijBk`. To perform the tensor
product in graphical calculus, we simply stack the tensors
and we leave their wires untouched:
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FIG. 9. To take the tensor product of two matrices A and
B we stack them and preserve all of the indices. The tensor
product does not change the total number of wires.
C. Kronecker product
The Kronecker product is what is often conflated with
the tensor product, especially in the quantum informa-
tion literature. Perhaps the fact that they are usually
both indicated with the simbol ⊗ contributes to the
mixup. To compute the Kronecker product one begins
with a tensor product, but then one makes the extra step
of vectorizing groups of indices together. For example,
the Kronecker product of two matrices is another ma-
trix: (A ⊗ B)mn = AijBk`γik,mγj`,n, which means that
m ∈ {0, . . . , IK − 1} and n ∈ {0, . . . , JL − 1}. Despite
having only two wires and not four, the result contains
all of the information contained in the tensor product,
except for the information about which subsystem has
which dimensionality. If we work with systems of equal
dimension (such as a set of qubits) this is not a problem.
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FIG. 10. The Kronecker product is like a tensor product,
except we vectorize the row indices and the column indices.
The Kronecker product reduces the total number of wires, but
it is reversible, so no information is lost (unlike the Hadamard
product, below).
D. Hadamard product
The Hadamard product is an element-wise multiplica-
tion and it is defined if the two matrices match both of
their dimensions exactly: (A ◦B)ij = AijBij
A
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FIG. 11. The Hadamard product is an element-wise product,
so we need the two row indices to be the same and the two
column indices to be the same, which we achieve by using the
Kronecker tensor.
This is clear also from the fact that we define it in terms
of the Kronecker tensor, whose wires all have the same
dimension. Note that we presented it for a pair of ma-
trices, but obviously the element-wise product is defined
for tensors of any rank.
E. Kathri-Rao product
This Khatri-Rao product [15] is useful in data process-
ing and in optimizing the solution of inverse problems
that deal with a diagonal matrix [16]. The definition
of the Kathri-Rao product is somewhat cryptic, but in
terms of graphical calculus it is very simple. In the stan-
dard description, we have two matrices of dimension I×J
and K × J therefore with the same number of columns,
A = [a0, . . . ,aJ−1] and B = [b0, . . . ,bJ−1]. The Kathri-
Rao product is the matrix with J columns whose j-th
column is the Kronecker product of columns aj and bj :
(AB) = [a0 ⊗ b0, . . . ,aJ−1 ⊗ bJ−1].
The definition in terms δ and γ is (A  B)mn =
AijBk`γik,mδj`n which means that we perform a Kro-
necker product on the row idices and a Hadamard prod-
uct on the column indices. There is also a row-version of
the Kathri-Rao product, where the Hadamard product
is on the left (i.e. on the rows), and the vectorization
on the right (i.e. on the columns). The graphical defini-
tion makes it trivial to prove that the column- and row-
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FIG. 12. In the Katri-Rao product we perform a Kro-
necker product row-wise and a Hadamard product column-
wise (which is why the number of columns of A and B must
match).
versions of the Kathri-Rao product are linked by a trans-
pose operation like so: (A col B)T = AT row BT (see
Fig. 18).
F. Tracy-Singh product
The Tracy-Singh product [17] is a double Kronecker
product and it applies to block-matrices: the first is
at the level of external blocks and the second is at
the inner (in-block) level. Finally, outer and inner in-
dices are vectorized to obtain a matrix: (A ? B)mn =
Aijk`Bpqrsγipkr,mγjq`s,n
A
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FIG. 13. In the Tracy-Singh product we first combine the
indices of the same level (outer with outer and inner with
inner) and only afterward we combine the inner/outer indices
with each other. This can be performed in a single step if we
are careful with the order.
IV. IDENTITIES
Thanks to our graphical notation we can easily prove
many identities that connect the various products to each
other. Several are in the form
f(g(A,B), g(C,D)) = g(f(A,C), f(B,D)) (5)
where f and g can be some combinations of the prod-
ucts that we have seen above, and A,B,C,D are suit-
ably sized matrices or tensors. Such property is called
bysimmetry (notice that B and C are swapped) and it
is due to the fact that f and g are homomorphisms that
preserve each other [18].
The proofs consist in visual representations of the
statement that we want to prove. Note that often just
writing the identities in graphical notation is sufficient to
realise at a glance that they are true, without the need
to dive into lengthy computations. All of the necessary
comments are in each figure caption.
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FIG. 14. In this figure we prove the following property of the
tensor product: (AB)⊗(CD) = (A⊗C)(B⊗D). To convince
ourselves that this identity holds, we just have to read the
diagram from top to bottom or left to right to obtain the two
sides of the identity.
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FIG. 15. In this figure we prove the bisymmetry between
Kathri-Rao and Hadamard products: (A  B) ◦ (C  D) =
(A ◦ C)  (B ◦ D). To prove this identity we have applied
the rule in Fig. 6 to the wires on the left. Note that all of
the wires on the right belong to the same rank-5 Kronecker
tensor, so it does not matter where they attach to.
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FIG. 16. In this figure we prove the bisymmetry between
Kronecker and Hadamard products: (A ⊗ B) ◦ (C ⊗ D) =
(A ◦C)⊗ (B ◦D). To prove this identity we have applied the
rule in Fig. 6 to the wires on both sides.
We leave as a useful exercise for the reader to prove
A⊗B = (A⊗ 1)(1⊗B), Tr(A⊗B) = Tr(A)Tr(B) and
(A⊗B)T = AT ⊗BT .
A. Identities involving vectorization
Vectorization (as introduced above through the tensor
γ) is the procedure of turning a high-rank tensor into a
column or row vector by stacking its entries in some or-
der. For notational simplicity, when we stack the columns
of the matrix A into a column vector we will indicate the
operation with col(A), and when we concatenate the rows
of A into a row vector we will indicate it with row(A).
The two are related by col(A)T = row(AT ), as stacking
the columns of a matrix and then transposing the result-
ing vector is the same as transposing the matrix and then
concatenating the rows.
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FIG. 17. In this figure we prove (A?B)(C?D) = (AC)?(BD).
To prove this identity we have applied the rule at the bottom
of Fig. 5.
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FIG. 18. In this figure we prove the transpose property of
the Kathri-Rao product: (A  B)T (C  D) = ATC ◦ BTD.
This is not the bisymmetry property because the Kathri-Rao
product does not appear in the right hand side, but rather
the Hadamard product. Note that in the first part of the
LHS we have swapped row and column indices to express the
transpose. Then we have used the identity at the bottom of
Fig. 5.
The vectorization of an M ×N matrix is a column or
row vector with MN elements. Note that we could ei-
ther truly form a vector that has one single index, or we
could reinterpret both indices of A as column (or both as
row) indices, in which case we would have a “block vec-
tor” with the first index indexing N blocks of dimension
M × 1 (or M blocks of dimension 1 × N) and a sec-
ond index indexing the elements within each block. In
any case, given that the vectorization tensor is reversible,
conflating vectorization and block-vectorization is just as
acceptable as conflating Kronecker and tensor products.
One can come up with several interesting identities in-
volving vectorization. We begin with an identity involv-
ing the vectorization of a product of three matrices and
the Kathri-Rao product or the Kronecker product, de-
pending on whether or not the matrix B is diagonal. For
the case in which B is not diagonal, we first interpret
A
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FIG. 19. A block vector (top) and a vectorized matrix (bot-
tom). We denote both with col(A), as it is usually clear from
the context which we are referring to.
the vectorization of B as block-vectorization, and then
we use the identity at the bottom of Fig. 5. For the case
in which B is diagonal we can use the first rule in Fig. 3.
col(ABC) = (CT ⊗A)col(B) [B not diagonal] (6)
col(ABC) = (CT A)diag(B) [B diagonal] (7)
Note that in the first equation we use a Kronecker prod-
uct (not a tensor product).
A
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(if B is diagonal)
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FIG. 20. This type of manipulation is found for example in
optimization problems [19]. In this proof we used identities
from Fig. 3 and Fig. 5.
V. NEW IDENTITIES
To show the flexibility of graphical notation, we now
prove in Fig. 21 and Fig. 22 two new (to the best of the
author’s knowledge) identities. The first identity is
col(A⊗B)row(C ⊗D) = (col(A)row(C)) ? (col(B)row(D))
(8)
which involves vectorization, the Kronecker product and
the Tracy-Singh product.
The second identity is
col(A ◦B)row(C ◦D) = (col(A)row(C)) ◦ (col(B)row(D))
(9)
involving Hadamard product and vectorizations.
Notice that the proof in Fig. 22 can be separated into
two parts (the left and the right parts), which yield the
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FIG. 21. In this proof of the identity col(A ⊗ B)row(C ⊗
D) = (col(A)row(C)) ? (col(B)row(D)) we simply drag the
inner triangles outwards and we notice that we recover the
definition of the Tracy-Singh product.
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FIG. 22. In this proof of the identity col(A ◦B)row(C ◦D) =
(col(A)row(C))◦(col(B)row(D)), we swap the Kronecker and
vectorization tensors, which implies twisting the inner wires
and leaves us with a neat Hadamard product. Note that the
two parts (left and right), if considered in isolation, form two
identities on their own: col(A ◦ B) = col(A) ◦ col(B) and
row(C ◦D) = row(C) ◦ row(D).
identities
col(A ◦B) = col(A) ◦ col(B) (10)
row(C ◦D) = row(C) ◦ row(D) (11)
where the Hadamard product of two vectors is still the
element-wise product. This can be used to write the
second identity in yet a different way by reading the last
diagram left to right rather than top to bottom.
As you look at the figures, notice how simple it is to
observe differences and similarities between proofs: the
structure of the diagrams in Fig. 21 and 22 is almost
identical, with the exception that in the second proof, in
order to swap the Kronecker and vectorization tensors we
need to twist the central wires, which is why we obtain
the Hadamard product of distinct vectorized matrices.
VI. CONVOLUTIONS
We now turn to the graphical description of con-
volutions. The mechanisms of convolution and cross-
correlation can be nicely translated to graphical calculus
notation, and one can notice several interesting features
visually. In particular, we will see that convolution is
represented just like the products that we have described
in the previous sections, and that the (discrete) convo-
lution theorem is a special case of a more general tensor
contraction rule that is entirely independent from the
tensors being convolved.
A. The convolution tensor
We now define a general convolution tensor that can
implement several different types of convolution. The
convolution tensor is a family of D-dimensional, rank-3
tensors defined as
χ
(±±±)
ijk =
{
1 if ± i± j ± k = 0 modD
0 otherwise
(12)
where the signature (±±±) determines four possibilities
(under the +↔ − symmetry). In graphical notation, we
define the convolution tensor as
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FIG. 23. The convolution tensor depends on three signs,
which determine which combination of indices yields a
nonzero value.
Depending on the signature, this tensor implements
different convolutions between two vectors (a∗b)(±±±)k =
χ
(±±±)
ijk aibj , or more explicitly:
(a ∗ b)(±±±)k =
D−1∑
i=0
a±ib±(∓k−∓i)modD (13)
Such definitions include the conventional discrete con-
8a
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FIG. 24. The convolution of two vectors can be expressed
as a product.
volution (+ +−) and the cross-correlation (+−−):
(a ∗ b)(++−)k =
D−1∑
i=0
aib(k−i)modD (14)
(a ∗ b)(+−−)k =
D−1∑
i=0
aib(k+i)modD (15)
Note that the cross-correlation (usually in its non-
circular version) is what is usually referred to as “convo-
lution” in the context of convolutional neural networks.
It is straightforward to extend this definition to higher
rank convolutions, e.g. for matrices (where we intend all
index algebra to be modulo the dimension of the index),
the standard definition is:
(A ∗B)mn =
Dx−1∑
i=0
Dy−1∑
j=0
Ai,jBm−i,n−j (16)
which corresponds to the following graphical diagram
where the convolutions have signature (+ +−):
A
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FIG. 25. The convolution of two matrices A and B can be
expressed as a suitable tensor contraction and therefore has
the same visual representation as a matrix product. (notice
that we could also apply convolutions of different signature
to different sets of indices)
And one can continue in a similar fashion, for an in-
creasing number of indices. Interestingly, even if a con-
volution kernel is not separable (e.g. Kij 6= Kxi Kyj ),
the “process” is, which means that rank-N convolution
is computable by contracting two indices at a time.
B. The convolution theorem
The convolution theorem states that under the Fourier
transform, products become convolutions and vice versa:
̂f(x)g(x) = f̂(k) ∗ ĝ(k) (17)
If we discretize the functions into D-dimensional vec-
tors, the Fourier transform becomes a matrix multi-
plication by Fmn =
1√
D
exp(− 2piiD mn) and the prod-
uct becomes the Hadamard (element-wise) product (see
Fig. 26).
a
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FIG. 26. The standard convolution theorem where the con-
volution tensor has signature (+ +−)
As the convolution theorem must hold regardless of the
vectors being convolved, it must be a consequence of the
interplay between Fourier matrices and the convolution
tensor itself: when we contract each index of the con-
volution tensor by a Fourier matrix, we obtain the Kro-
necker tensor, which is what we need to implement the
Hadamard (entry-wise) product. However, depending on
the three signs of the convolution tensor, the convolu-
tion theorem takes a slightly different form: indices that
have a plus sign are contracted by the Fourier matrix
and indices that have a minus sign are contracted by the
inverse Fourier matrix (or vice versa, under the + ↔ −
symmetry). See Fig. 27 for an example.
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FIG. 27. The convolution tensor in this example satisfies the
generalized convolution theorem where indices with opposite
sign in χ
(±±±)
ijk get contracted by opposite Fourier transforms
and always yield the Kronecker tensor.
VII. TENSOR CONTRACTIONS IN PYTHON
Python’s numerical math library numpy contains a
function called “einsum” (short for Einstein summation
convention) [20]. Learning how to use einsum can be
quite challenging without a good grasp of the rules of
tensor contraction. This is where graphical calculus can
help.
There are two ways to use einsum: the first is to define
all the contraction rules in the form of a string (passed as
first argument) that specifies what happens to the indices
of the various tensors passed as subsequent arguments
(one can pass several tensors, not just one or two). For
example, if we want to perform the matrix-matrix multi-
plication AijBjk, the string would read "ij,jk -> ik",
9where we can specify in which order we want the leftover
indices. A tensor product AijBkl would correspond to
the string "ij,kl", a partial trace Aiijk to "iijk" and
so on:
AdotB = einsum("ij,jk->ik", A,B)
AtensorB = einsum("ij,kl", A,B)
tr1A = einsum("iijk", A)
At the time of writing (March 2019), there are some
functionalities that are still missing from einsum, such
as the possibility of creating a diagonal matrix from the
vector of the diagonal, which would correspond to the
string "i -> ii".
The second way to use einsum does not require a string
with the index specifications. Rather, the arguments
of einsum alternate between tensors and lists of inte-
ger numbers that identify their indices. When an index
repeats it is summed over. The matrix multiplication,
tensor product and partial trace in the paragraph above
would be
AdotB = einsum(A,[0,1],B,[1 ,2] ,[0 ,2])
AtensorB = einsum(A,[0,1],B,[2 ,3])
tr1A = einsum(A,[0,0,1,2])
It is of great help to draw by hand the required network
of tensor contractions graphically, then identify the wires
by number or by letter (thus wires that contract have
a single number or letter) and finally simply copy the
formula in the language of einsum. This is a foolproof
way of implementing tensor contractions in python.
VIII. CONCLUSION
In this paper we have seen two of the many poten-
tial applications of graphical calculus. The message that
I wish to convey is that graphical calculus is a powerful
companion to the student and to the practitioner of linear
algebra. As innumerable topics in science are based on
linear algebra, graphical calculus can become an invalu-
able ally that strengthens our understanding and makes
us reach further with less effort. The fact that visual rep-
resentations are much simpler to grasp and manipulate
than conventional mathematical expressions, makes it a
wonderful tool also for audiences who lack a knowledge
of university-level algebra.
Finally, I would like to point out that these sort of sym-
bolic manipulations lend themselves very well to gamifi-
cation. I believe that it would be valuable to explore
computer and smartphone applications that can teach
linear algebra (even rather complex topics) through the
gamified manipulation of graphical objects.
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